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Abstract: 

In this paper an extension of regional exponential observability concept to the case of 
boundary region of dSl has been discussed and analyzed in connection with the strategic 
sensors. For distributed parameter systems of parabolic type, we show that, the number and 
location of sensor may be some interest in the existence of regional exponential observation 
state in this region. 

Keywords: T- strategic sensor, T -exponential detectability, V -exponential observability. 

1. Introduction 

In modern mathematical control theory, observability means that it is possible to 
reconstruct uniquely the initial state of the dynamic system from the knowledge of the 
input and output [1-2], Notion of regional observability (extended by El Jai et al. [3-4]) is 
of great importance in current research and motivated by many applications [4-7], The 
concept of regional asymptotic analysis was explored by Al-Saphory and El Jai [8-10], and 
this concept consist to study the behavior of the system not in whole domain f) but only on 
particular region a> of the domain 0. The purpose of this paper, is to bring the light to link 

between the regional boundary exponential observability and sensor structure (location and 
number (see figure 1). 



Figurel. The domain ft, the boundary region T, and the sensors locations 
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We consider a class of distributed system and develop different results connected with the 
various types of measurements, and we define anew type of strategic sensor which maybe 
regional boundary exponential strategic sensor. 

This paper is organized as follows: section one is focused on preliminaries and the problem 
formulation. In the next section, the characterization notion of regional boundary 
exponential observability is given by using of strategic sensors. The last section is devoted 
to applications with many situations of sensor locations. 

2. Regional boundary exponential observability 

In this section we give firstly, the statement of the problem with the hypothesis of 
considered system, and then the concept of regional boundary exponential observability is 
explained, and we provide a theorem which gives the approach observed the current state 
z{p., t)of the original system (1) exponentially. 

2.1 Preliminaries 

The considered system is described by the parabolic equations; 

dz 

— ip, t ) = Azip, t ) + Bui t) ft x ( o, oo ) 

ot 

zip, o) = z 0 ip) ft (i) 

dz 

- — ip, t) =0 dft x (0, oo ) 

dv A 

Where is the domain when the above system is defined as bounded open subset of R n 
with boundary 3Q, [0,7] is the time interval for T > 0, A is a second order linear 
differential operator and is self adjoint with compact resolvant , and which generates 
astrongly continuous semi-group (5^(t)) t > 0 on the state space Z = H 1 (C1) which is 
Sobolev space of order one, A * will denote the adjoint operator of A. The operators 
B ELiR p ,Z) and C E L z (0,T,R q ), where p and q is the number of actuators and sensors. 
The initial state z 0 ip) is supposed to be unknown and located in H 1 (CL). The measurements 
of system (1) are obtained through internal or boundary zone or pointwise sensors which 
characterize the output function 

y{.,t) = Czip,t) (2) 
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Under the above assumption, the system (1) has a unique solution [1-2] 


z(p.,t) = S A (t)z 0 {p) + fs A (t - s)Bu(s)ds (3) 

Now, we define the following operators 

K\Z -» 0 (4) 

z -> CS A [.)z 

with an adjoint 

K*\ 0 -» Z (5) 

given by 

K*y*= fs A Xs)C*y\s)ds (6) 

We also consider the trace operator of order zero 

Yo- H 1 (Q) -» m(dti) (7) 


Which is linear, subjective, and continuous, such that z£ is the restriction of the trace of the 
initial state z 0 to Y. 

Yo* denote the adjoint of Yo given by 

Yo*-Hkd Q) -> HH Q) (8) 

and 

Xr- Hkdd) -* Hk D (9) 

Xr is the operator restriction to T which is the adjoint of Xr given by 

Xr-Hkn -* m(dCi) ( 10 ) 

Definition 2.1. The autonomous system associated with system (1) together with output 
function (2) is said to be exactly regionally boundary observable (or exactly T- observable) 
if 

\m(xrYoK*) = hH D (11) 
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Definition 2.2.Th e autonomous system associated with system (1) together with output 
function (2) is said to be weakly regionally boundary observable (or weakly P- observable) 
if 


Im (XrYoK*)= ^0") (12) 

2.2 T- strategic sensor 

In this subsection we give a characterization of strategic sensor as in ref. [12] in order the 
system to be weakly T- observable. 

Definition 2.3.Sensors are any couple (D^ff) i<i< q where D t form closed subsets of fl, 
which are spatial supports of sensors and f G L 2 (Dj) define the spatial distribution of 
sensors on Dj. 

In case, when the measurements of system (1) are given by i sensors ( 1 < i < q),Thenthe 
output function (2) is given by; 

y[.,t) = y x {. ,y q ( . ,t) 

with 

y t ( . , t) = z(bi ,t),bi G fl for 1 < i < q 
in the pointwise case, and 

yi(.,t ) = | D .z( n.ClfjtjAdu.Di c [if or 1 < i < q 
in the zonal case. 

Definition 2.4.A sequence of sensors (Dj,/j)i<i<q is called boundary strategic on T 
(or r - strategic) if the corresponding system is weakly T- observable. 

Now, assume that there exist a complete set ofeigenfunctions (<j p m j) m £r j = 1, ... , r m of A 
in state space H 1 (C1) associated with the eigenvalues A m of multiplicities r m . Let 
r = sup me/ r m is finite and for z = (z 1( . . . ,z n ) G Q with m = (m 1 , . . .,m n ) G 7, suppose 
that z = (z t , . . .,z. n _ 1 ) and m = (m 1 , . . . ,m n _ 1 ). 


(13) 

(14) 

(15) 
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i 

Suppose that the functions V%;(z) = XrYoVmjt 2 ) > mE-I, form a complete set in H 2(0, 
Then we have the following result. 


Proposition 2.5.The sequence of sensors ( D , < jS| is - strategic if and only if: 

1. q > r 

2. rank G m =r m , Vm, m = 1, 7 with 

\ < <P mi . ft (•) >, 2 ( D . in the zone case 

G,.=(GJ„= (16) 

(p mj (b i ) in the pointwise case 


where sup r m = r and 7 = 1, r m . 

Proof: The proof of this proposition is similar to the rank condition in [13-15], the main 
difference is that the rank condition 

rank G m =r m , Vm 

For the proposition 2. 1 .need only hold for rank G m =r m , Vm, m = 1, ..., 7 . ■ 

2.3 T E - Observability 

In this subsection an interested extension of regional case as in ref. [12] is developed 
to the boundary case. Thus, the characterization of regional boundary exponential 
observation needs some notions which are related to the exponential behavior that are 
stability, detectability, and observer. In this subsection we define the concepts which are 
related to V E - Observability, and we provide an important theorem which gives an 
exponential observer for the original system in critical subregion . 

The regional boundary exponential observer in may be seen as internal regional 
exponential observer in if we consider the following. 

• Let 91 be the continuous liner extension operator [16] 

91 : Hkd Cl) — > //MO) such that 

Yo^h(p.,t) = h[p.,t) , V/i£//MdQ) (17) 
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• Let r > 0 is an arbitrary and sufficiently small real and let the sets 

E = Uzer B(z,r) and co r = E n Q (18) 

where B{z,r) is the ball of radius r centered in z(p., t) and f is a part of d> r (fig.2). 


measurements 



Fig. 2: The whole domain and the set E. 


Definition 2.6.The semi-group ( S A (t))t > 0 is regionally boundary exponentially stable in 

Hz[ T)(or r E -stable)if, for some positive constants F r and <r r , then 

IIXr/cAUII i , <F r e-^,t> 0 (19) 

H 2(r) 

If [S A (t )) t > o is r F -stable, then for every z 0 (.) EH 1 (CL) the solution of autonomous system 
associated with (1) satisfies 


i rn^oo || z(t) | i = I i m^oo || XrYo^t) z o II i, = 0 

H 2(T) H 2(T) 


( 20 ) 


Definition 2.7.The system (1) is regionally boundary exponentially stable on Y 
(orr E -stable)if, the operator A generates a strongly continuous semi-group (S A [t)) t > 0 
which is r E -stable. 


Remark 2.8.If the system (1) is T ^-stable, that is the solution of autonomous system 
associated with (1) converges exponentially to zero when t tends to oo. 

Definition 2.9.The system (1) - (2) is regionally boundary exponentially detectable on Y 

1 

(or T e - detectable) if there exist an operator H r :0 -> H z(r) such that the operator 
A - H r C generates a strongly continuous semigroup (S Hr (t)) t > 0 which is r E -stable. 

Now, consider the dynamical system 
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dw 

-77— {[i, t) = L r w(n,t) + G r u(t) + H r y{t) Dx(0,oo) 

ot 


win, 0) = w 0 ifi ) 


dw 

dv Lr 


in, t) = 0 


dCl x ( 0, 00 ) 


(19) 


where L r generates a strongly continuous semi-group (S L it) ) t > 0 which is stable on the 
state space W, G r ELiR p ,W) and H r EL(R q ,W). The system (13) defines an r E - 
estimater for a r z(p., t ) if 

(1) lim || w[.,t) - a r z(.,t) || 1 =0 (20) 

t-* co H 2(T) 

(2) a r maps D(A) into D(L r ) where a r = XrYoT and w(.,t) is the solution of system(19). 


Definition 2.10.The system (19) is regionally boundary exponential observer on T (or l~ E - 
observer) for the system (l)-(2) if the following conditions hold 

(1) The exist operators M r EL ( 0 , // 2 (r)^ and N r EL ^// 2 (r)^| such that: 

M V C + N v a v = / r (21) 


"h Lpdfp — H^C and Gy — C£p5 

(2) The system (19) defines an /^-estimator for the state of original system. 

Definition 2.11. The system (19) is regionally boundary exponential identity observer (or identity 
T e -observer) for the system (l)-(2) if Z = W and a r = I r . In the this case, we have 

Lp — A //pC and Gp — B (22) 

and then, the dynamical system (19) becomes 

dw 

— in, t ) = Awin, t) + Buit) + Hricwin, t) - -yin, t) ) nx (o, » ) 


win, o) = o 


£1 (23) 


dw 

dv A 


in, t) = o 


dil x ( 0, oo ) 
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Definition 2.12. We say that the system (l)-(2) isregionally boundary exponentially 
observable on T (or r E -observable) if, there exist a dynamical system (19) which is 
r £ -observer for the original system. 

In the following, we present an approach which is observed the current state z{p, t) of the 
original system (1) exponentially. 


3. ^-observability and strategic sensor 

The problem of T E -observability is consist of estimate the current state exponentially in a 
given boundary sub-region Y of the boundary 50, this approach is given by the following 
main result. 


Theorem 3.1. Suppose that the sequence of sensors ( D^f) is T -strategic and the 
spectrum of A contain J eigenvalues with non- negative real parts. Then (l)-(2) is 
T E - observable by the dynamical system 

~~ [p, t) = Aw(p,t) + Bu{t) + H r (Cw(p,t) ~ y{p,t)) 0 x (0,°°) 

w(p, 0) = w 0 [p) fl (24) 

dw 

- — (p,t) =0 50 x (0,°o ) 

dv A 


Proof: The demonstration has two parts: 

Parti. Under the hypothesis of problem (Section 2.1), the system (1) can be decomposed 
by the projections P and I - P on two parts, unstable and stable. The state vector may be 
given by 

z(p,t) = [z^p, t) + z 2 {p,t)] tr (25) 

where z^p, t) is the state component of the unstable part of thesystem (1) and may be 
written in the form 
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d z 

( jU, t) = A lZl (li,t) + PBu{t)Cl X (0,°°) 
ot 


^iC/bO) = Zo(ju) 


dz x 

dv A 


(p.,t) = 0 


n 


30 x (0, °° ) 


(26) 


and z 2 (pi, t) is the state component of the stable part of (1) given by 
(ji,t) = A 2 z 2 [g,t ) + (7 - P)Bu(t) Q X (0,oo ) 

n 

■ (p., t) = 0 30 x (0,oo ) 


3z 2 
dt 

z 2 (n,0) = zl (ju) 
3z 2 
dv A 


(27) 


The operator A 1 is represented by matrix of order (Tn=i r n>U n = i r n ) given by 
A^ ~ diag • ■ ■ # 2. 2 , ■ ■ ■ ; T 2 , , . . ■ } J . 

PB = [Gl r ,G? Gf] (28) 

Part 2. Since the suite of sensors (7)i,/j)i<j< ? is r -strategic for the unstable part of the 
system(l), then the subsystem (27) is weakly f -observable [14], and since it is finite 
dimensional, then it is exactly T-observable therefore, it is r ^detectable [10], and hence 
there exists an operator Hp such that A 1 - 71/1 C satisfies the following: 

3 F^andap > 0 such that || e (^i- w rC)t|| < Fpe - ^ and, then, we have 
W.P.m i < Fpe~ a t t \\ P zq\\ i (29) 

H2(r) H2(r) 

Now, since A 2 generates semigroup which is /^-stable, then, there is appositive constants 
Fp and o} such that 


Z 2 (j«,t)|| 1 < Fje ff fr||(/- P)zl\\ 1 + ^ f ||(/ - P)zl\\ i |Bu(»|| i ds (30) 


H 2 [n 


H2(D 


H2(D 


H 2 {r) 


and therefore i converges to zero when t tends to oo. Finally, the system (1)- 

H2(r) 

(2) is r E detectable. 

Now, Let e(p.,t) = z{p.,t) - w(p.,t) where z{p.,t) is solution of the system(l)-(2)and 
w(jj.,t) is the solution of (24). Driving the above equation and using (1) and (24), we 
obtain 
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de i \ dz r \ dw r \ 

= Az[jx,t) + Bu(t) - Aw(ji,t) - Bu[t) - H r [Cw(ji,t) - y[p., t) ) 

= i4(z(jU, t) ~ w{ji,t )) - H r C(w{p.,t ) ~ z[ji,t)) 

= (A- H r C) e(n,t) (31) 

1 

Since the system (l)-(2) is r E detectable, there exists an operator H r G L(0, H^{T)) such 
that the operator^ - H r C generates /^-stable semigroup (S Hr (t)) t > 0 satisfies the 
following relation: 

3 F r and a r > Osuch that 

lhrroS Hr W II * s F r e~ art (32) 


Consequently, we get 


\\e(M)\\ 


H2(r) 


|| z{[x, t) - wt/x, t) | i 

H2(r) 


- \\XrYo^H r (.h e o H H | (r j 

<F r e~°rt \\e 0 \\ i (33) 

h 2 {r) 

that is e[p., t ) converges exponentially to zero as t tends to oo. Thus, the dynamical system 
(24) observes exponentially the regional state z{p.,t ) of the original system (l)-(2), and 
therefore it is /^-observable. ■ 


Now, we define a new type of strategic sensors. 

Definition3.2. The suite of sensor (D;-/t) i<;< c/ is said to be regional boundary exponential 
strategic (or /^-strategic) if, the corresponding system is F E - observable. 


Remark 3.3. We can deduce that: 

(1)A system which is exponentially observable (on ) is -observable, 


(2) A system which is exactly F -observable is r E -observable, 
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(3)A system which is f E -observable is P E -observable, for every subset 7 1 subset of f . 


Remark 3.3. One important point in this subsection is that a state which is not 
exponentially observable in the usual sense may be exponentially observable on T, this is 
illustrated by the following counter example. 

Example 3.4. ( counter example) 

Consider the system described by the following diffusion equation 

d z d ^ z d ^ z 

—(p 1 ,p 2 't) = 0u,/T 2 ,t) + 0n,iU 2 ,t) + z(p 1 ,p 2 ,t) fix(oj) 

z{p 1 ,p 2l 0) = z 0 {p lt p 2 ) n (34) 

dz 

,p 2 ,t) = 0 dQ x (0,7) 

ov 

With output 

y(t) = l Q z(p 1 ,p 2 ,t)S((p 1 ~ b v p 2 - b 2 )dp 1 dp 2 (35) 

Where Q = (0,a) x ( 0, (3) and b = (b 1 ,b 2 ) GO is the location of sensor ( b , S b ) (as in 

d 2 d 2 

figure 2). The operator A = (— j j +1) generates a strongly continuous semigroup on 

0 u jU-2 

the state space H 1 [ Q). 


^2 

1 


r 


b 



o 


£2 



Figure 2: Rectangular domain, region Tand location bof internal pointwise sensor. 
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Now, we assume that Q X ( 0, oo ) = <2,dQ X ( 0, oo ) = Zand consider the dynamical system 


dw 


d 2 w 


d 2 w 


— + w(; E lt E2>t) + HC(w(jl lf fl 2 ,t) - z[ji lf n 2 t t) Q 


dii 2 


dii 


W ( Hi, 1*2,0) = Wq(jj. 1»JU 2 ) n (36) 

dw 

— (^,^2-0=0 I 

where H GL(0,W), W is the state space of above system. Here if |^,y}GQ, then the 

sensor (d, .S';,) is not strategic [1] for the unstable subsystem (34), and therefore the system 
(34)-(35) is not exponentially detectable in , and then, the dynamical system (36) is not 
exponentially observer for (34)-(35), finally the state z 0 (/r 1( /r 2 ) is not exponentially 
observable in . 


Now, we consider the boundary region T = (0,a) X {(3} c 50, (figure .2) and the dynamical 
system 


dw , d 2 
— = - 


dn 2 


w d 

(4i-4z ,t) + 


w 


dni 


(>i + H. r C(’w(ju 1 ,ju 2 ,t) - z(p v n 2 l t)) 


Q 


wtjinfa’Q) = w 0 Oi,/i 2 ) o (37) 

dw 

— — ( J U 1 ,yU 2 , t) =0 I 

ov 

where H r G L(0, H^{ T) . If there exist i,y G {1 , ...,/}such that ^ and f - (£ I then, the sensor 

(. b , <S),) is T-strategic [7], and this implies to the system (34)-(35) is T-detectable, therefore the 
may be f ^-observable. ■ 


4. Relations between r£-observability and the sensors position 

In this section, we apply the previous results to a two dimensional system defined on 
rectangular domain once and on disk domain twice. 
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4.1 Rectangular domain 


Consider the diffusion system 



Q 


ztp^.n 2,0) = Zotjlufa) 

dz 

— (^,^ 2,0 = 0 


n 


i 


(38) 


with measurements obtained by output function given as (2), where = (0,1) x (0,1), V = 
(0,1) x {1}, in this case the eigenfunctions of the dynamic system (38) for Derichlet 
boundary conditions are given by: 


< ) = 2 costing) COS( i7r J u 2 ) 
associated with eigenvalues 


(39) 


hi = -('i 2 + j 2 )n 2 


(40) 


The following results give information on the location of internal zone or pointwise T - 
strategic sensors. 

4.1.1 Internal Pointwise Sensor 

Let us consider the case of pointwise sensor located inside of . The system (38) is 
augmented with the following output function: 


y(t) = f a z(]i 1 ,n 2 ,t) S (>! - bi , jj -2 - b 2 )dfi 1 dn 2 , 


(41) 


such that the sensor b = ( b 1 ,b 2 ) G Q, (see figure 3). 

If there exist i,j G {1 such that ib lt ib 2 (£l,r m = 1, then the sensor b = ( b lt b 2 ) 
may be sufficient for V E -observability, with the dynamical system 





(42) 



I 


Forms an f^-observer for (38), thus we obtain the following result 
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Figure 3: Rectangular domain, region T and location b of internal pointwise sensor. 

Corollary 4A.The system (38)-(41) is r E -observable by the dynamical system (42), If there exist 
i,j G (1 such that ib 1 ,jb 2 £ /. 

4.2. Internal Zone Sensor 

Consider the system (38) together with output function (2) where the sensor support D is 
located in . The output function (2) can be written by the form 

y( t) = ^zin^n^t) f(]ii,H 2 )dn 1 dn 2 , (43) 

where D = [pi lo - X [pt 2o ~ ( 2 ,jU 2o + ( 2 ] c Q is the location of sensor 

(D,f) and f G L 2 (D) (see fig. 4), if / is not symmetric with respect to /t fe = n ko ,k = 1,2 , 
there exist i,j G {1 such that ip lo ,y/i 2o ^ / andr m = 1, then the sensor ( D,f ) may be 

sufficient for T ^-observability, with the dynamical system: 
dw 

— Cpi,p 2 .t) = + Bu(t) + r ( [ w(p!, p 2 , t) , / (p! , p 2 ) □ - y(t) ) Q 

tv(/ti,/t2,0) = tVoC/ti,^) Q (44) 

dw 

— [ji 1 ,ii 2 ,t) = 0 I 

C7V 

thus we obtain the following result: 



Figure 4: Rectangular domain, region Tand location D of internal zone sensor. 
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Corollary 4.2.The system (38)-(43) is r E -observable by the dynamical system (44), If there 

exist i,j G {1 /}, such that ipi 0 ,jP2 0 *£ land f isnot symmetric with respect to 

Bk = Bk 0 >k = 1 - 2 • 

4.3. Internal Filament Sensor 

Consider the case of the observation on the curve a = Im{y) with y G C 1 (0, 1) (see 
figure 5), then we have the following. 



Figure 5: Rectangular domain, region T and location O of internal filament sensor. 

Corollary 4.3. If theobservation recovered by filament sensor (a, So) such that it is 
symmetric with respect to the line p = p 0 , then the system (38) with output given by 
y[t) = jr n z(/u 1(i tU 2 ( t) S (pi ± - bi lt pi 2 - b^dp^dp^.i = 1 (45) 

Is not r E -observable //’there exist i,j G such that ip lo ,jP 2 0 G /. 


4.2 Disc domain: In this case, we consider the system 

(r, 0, t) = A z(r, 6, t) + z(r, 6, t) + Butt ) Q 

z{r,9, 0) = z 0 [r,0) f 1 (46) 

dz 

— {r,6,t) = 0 I 

ov 

where Q = D(0,1), 6 G [0,27r],r = D[ 
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Remark 4.4. We can extended this case into different type of sensors (internal or 
boundary, zonal or pointwise) as in [10]. 

5. Conclusion 

The concept developed in this paper is related to the regional boundary exponential 
observability in connection with the strategic sensors. It permits us to avoid some “bad” 
sensor locations. Various interesting results concerning the choice of sensors structure are 
given and illustrated in specific situations. Many questions still opened. This is the case of, 
for example, the problem of finding the optimal sensor location ensuring such an objective. 
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